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[kg.m 3], and R [m] as core variables. They contain all the units (kg, m, and s) and they
can therefore be used to put the remaining variables (P, L, and ) in dimensionless form.

At this step, some opportunistic reasoning is always useful. For example, one may recall
that times velocity squared has the dimension of a pressure, which immediately suggests

the following dimensionless group

P R* P
°= Q=R Q2 ({3)
where Q=R? has the dimensions of a velocity. Another dimensionless group is
L
1= = (1{4)

The last group to be formed is based on the viscosity, which has the dimensions of pressure
times seconds. One can use again the groufQ=R?)? to create the pressure units, aniR3=Q

to form the seconds. This yields

R
* QRR=Q T Q "
The law governing the ow of viscous liquid in a pipe has therefore to be
R* P L R
) (16)

Solution with guessing.  The two educated guesses here are (i) that the pressure drop
P should be proportional to the pipe lengthL and (ii) that density should not play a role
in the laminar regime. There are two ways to exploit these guesses. The rst approach is
the one we followed in the main text, which consists in starting the analysis leading to Eq.
({6) all over again, only with variable =L and without . This leads to

P

= F(QR) (K7)

There are 4 variables left and still 3 dimensions, so we are in the lucky situation where there

is a single dimensionless group of variables that cannot but be a constant.
o = constant ({8)

To nd the expression of o one can recall that the viscous stress, which is dimensionally
equivalent to U=R whereU is a velocity, has the dimension of a pressure. Usif@-R? as
a group with the dimension of a velocity, this leads to

P=L

0= O=R4 ({9)
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For the others, we rst look for a combination of kg T, dys and ma that has the same

. . T L . :
dimensions aD g . The only solution is kBTd,'i:mA. This leads to the third number
DAB
= p: V 3
0 kBTd'%\:mA ( { )
One can create a last dimensionless number based on the pressure (which does not appear
in o, i1and ;). That number is easily formed by noting that the pressure has the same

dimensions as an energy per unit volume, which lead to

_ P&t
37 T (V{4)
The nal result takes the form
DAB Mp dA Pdi
p—=F — = — V{5
kg T2 =my mg dg kT (V15)

This result is a bit obscure, but it already shows that di usion scales as =2, similarly to
e usion.
Solution with guessing In order to nd the temperature and pressure dependence, it

is easier in this context to start the analysis over with the reduced mass

11 1
+ V{6
m-ma M (V{6)

and with the collision cross-section ? [m?] as variables instead om,, mg, dy and dz. The
relation is now
Dag = f(ksT;P;m; 2) V{7)

Because there are 5 variables and 3 dimensions, only two dimensionless numbers can be

formed. By analogy with Egs. (V{3) and (V{4), a natural choice is

Dag p 3
=p—_ and = —— V{8
0% P 1= T (V{8)
yielding
Dag p 3
= F —_ V{9
kBT 2:lll kBT ( {)

If one assumes that the di usion coe cient ought to be inversely proportional to the

collision cross-section 2, the unknown function has to be of the typeF (x) = constant=x,

kg T)32
Dag = constant (—BF?— (V{10)

P2 m

which leads to
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This sums up to 10 variables with 3 dimensions, yielding a total of 7 dimensionless numbers.

We de ne the rst number as the dimensionless droplet size

(V{2)

Ola

It is also natural to de ne the following two numbers as the ratio of the physical properties
of the two liquids

1= — and ,= 2% (VI{3)
(0] (0]
as well as the following number
Vo
= VI{4
5= UV (VI{4)

characterising the volume fraction of oil. We may de ne the fth number as the dimensionless

size (or volume) of the propeller
D3
Vo + Vi

(VI{5)

4=

As for the remaining two numbers, the Reynolds and Weber numbers are classical in this
context. The Reynolds numbeiRe is the ratio of inertial forces to viscous forces. Using the

oil phase as a reference, the Reynolds could here be de ned as
D2
5= — (VK6)

o

Similarly, the Weber numberW e is the ratio of the inertial forces to the capillary forces.

One may de ne it as
o 2D3
6= (VK7)

With these dimensionless numbers, the relation becomes

—F _W._w. Vo . D® ,D? ,°%D°
0’0

VI{8
Vot Vu'Vor Vo' o Vi)

d

D

This equation is still uninformative, and the exact determination ofF by experimental
means would be prohibitive. So once again, some guess is required to proceed further.
Solution with guessing In the limit of large values of the Reynolds number, typically

in turbulent conditions, the function F should no longer depend oRRe. We can then write

d w.oow Vo D3 o 2p3
Fi. —— ; :
(o]

D~ Vet Vo Vot Vi

(VI{9)
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This yields a maximum operating rotation speed , above which Eq.(VK12) is no longer

valid.
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VIl. EFFECTIVENESS FACTOR OF A CATALYTIC PELLET (THIELE MODU-
LUS)

Many chemical reactions take place in porous solid catalysts into which the reactant
molecules have to di use before they can reach the active sites and react. Imagine a spheri-
cal catalyst pellet with radiusR [m] and kinetic constantky [s 1] per unit volume, in contact
with a reactant in concentrationc [mol.m 3]. The di usion coe cient of the reactant in the
pellet is D [m?.s !]. What is the reaction rate N- [mol.s 1] in the case where di usion is

limiting the rate?

Hint for guessing When the reaction is di usion-limited, it necessarily takes place close

to the surface of the pellet so that\ is proportional to the area of the pellet.

Solution with no guessing The relation we look for is of the type
N.=f (c;ky;R; D) (VII{1)

There are 5 variables based on 3 units ([mol], [m] and [s]), and the problem can therefore be
expressed in terms of only 2 dimensionless numbers. The rst number can be obtained by
noting that the simplest combination of variables with the same dimension ds is R3kyc,

which leads to
NL

0

The second dimensionless number has to include the di usion coe cierd [m?.s ] in its

de nition. It can be put in dimensionless form in the following way

D
17 R2k,

(VI{3)

The solution of the reaction-di usion problem can therefore be put as

N _ . D
R3kvc_ Rzkv

(VII{4)

Solution with guessing In the di usion-limited regime, the reactant molecules do not
have enough time to di use to the center of the pellet before they react. Because the reaction

only occurs close to the surface\ has to be proportional to the outer area of the pellet,
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FIG. VII{1. Qualitative concentration distribution in a catalytic pellet of arbitrary shape (left) for
large reaction rates: the concentration decreases in a thin region close to the surface. The thickness

of that region can be de ned precisely by extrapolating the pro le as shown on the right.

i.e. to R2. This means that the analytical form of the functionF () in Eq. (VII{4) has to

beF( ;) = constant P ~ 4. The nal result is therefore
r

= constant

N
R3kvc Rzkv (V”{5)

This result is usually expressed slightly di erently, in terms of the e ectiveness factor

N_ 3
= = — VII{6
43R 3%yc 4 ° (VIH6)
which is the ratio of N. and the reaction rate that would be obtained in the case where
di usion would be much faster than reaction. In that case the concentration would be
homogeneous over entire catalyst pellet and equal to the external valeg so that N- =

4=3 R 3k, c. Moreover, one also de nes the Thiele modulus as

r
2
- R P 1 (VI{7)

- D

In terms of these new dimensionless numbers, Eqg. (VIK5) can be written as

— constant (V||{8)

which is a classical result of chemical engineering. The full solution of the problem, obtained
by solving the reaction/di usion equation is spherical coordinates yields the exact value
constant = 3, which is of order of unity as expected.

The analysis here above concerned a spherical pellet, but it can be generalised to pellets

of any shape as sketched in Fig. VII{1. In the case where the reaction is faster than the
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FIG. VII{2. E ectiveness factor  as a function of ¢ the solid black line is Eq. (VII{14) and the
horizontal dashed line is = 1, both obtained from dimensional analysis and guessing. The two
coloured lines are the expressions obtained by solving the complete di usion-reaction equation for

a plate-like (blue) and spherical (red) catalyst pellet.

where the constant is the one introduced in Eq. VII{11, and the Thiele modulus®is now

de ned in terms of the sizeV=A s

- D A
Naturally, Eq. (VII{14) contains Eqg. (VII{8) as a particular case, for V=A = R=3 as is

(VII{15)

the case for a sphere. In particular, the unknown constant in Eq. (VII{14) is independent
of the pellet shape. From the known value constant'= 3 in Eq. (VII{8), one reaches the
conclusion that the constant in Eq. (VII{14) is exactly equal to one.

This more detailed dimensional analysis enables us to determine the domain of validity
of Eq. (VII{14). It should be valid as long as the thickness is much smaller than the size

of the pellet V=A Using Eq. (VII{11) to estimate , this can be written as
°© 1 (VII{16)

The other limit, ° 1, corresponds to the situation where V=A In that case, the
concentration is almost homogeneous throughout the pellet, which means that the e ective-
ness factor is equal to one, = 1. The overall situation is summarised in Fig. VIH{2, in
which the asymptotic expressions obtained by dimensional analysis are compared with exact
results for plate-like and spherical pellets (see.g. Bird, Stewart and Lightfoot, Transport
Phenomena 2nd edition, Wiley, 2007).
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